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Abstract
Dirac equation for an electron bound by a nucleus in the presence of external axially symmetric
field can be solved numerically by using the dual-kinetic-balance conditions imposed on the finite
basis set (A-DKB method [Rozenbaum et al., Phys. Rev. A 89, 012514 (2014)]). We present the
application of this method to describe helium-like ions exposed to homogeneous external magnetic
field. The second-order Zeeman shift and the nuclear magnetic shielding constant are evaluated
for the ground state, including the leading contribution of the interelectronic interaction. The A-
DKB values are compared with the direct calculations by perturbation theory. The results for the
nuclear magnetic shielding can serve for accurate determination of the nuclear magnetic moments.
The quadratic contribution to the Zeeman effect can be relevant for high-precision measurements
of the transition energies in helium-like ions.
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I. INTRODUCTION
Bound-electron g factor, which mostly determines Zeeman splitting in highly charged
ions, is measured with increasing precision during the last two decades [1]. The relative
experimental uncertainty has reached 2.4× 10−11 in H-like carbon [2], 0.7× 10−10 in Li-like
silicon [3], and 1.4× 10−9 in B-like argon [4]. The g-factor measurements already performed
and anticipated in the near future, combined with the corresponding theoretical efforts,
provide access to the fundamental constants and nuclear properties [5, 6]. In particular,
the nuclear magnetic moments can be determined with unprecedented precision from the g
factors of few-electron ions [7, 8]. This task has become particularly relevant after a dis-
crepancy was found between the recent measurement of the hyperfine splitting in H- and
Li-like bismuth [9] and the most accurate theoretical prediction [10]. This so-called “hyper-
fine puzzle” has been resolved with the new value of 209Bi nuclear magnetic moment [11],
which disagrees with the previously accepted one. The more general outcome of this work
is that the uncertainty of the magnetic moment values determined by the nuclear magnetic
resonance method can be significantly underestimated. Recently, the new value for 207Pb
has been determined [12] in strong disagreement with the tabulated value. The nuclear mag-
netic shielding for a bound electron in the 1s and some excited states was studied within the
fully relativistic approach in Refs. [13–15]. Later, detailed theoretical investigations have
been presented for the ground state of H-like [16–19], Li-like [20, 21], and B-like ions [22].
In this work, we study the nuclear magnetic shielding for the ground state of He-like ions.
The total magnetic moment is fully determined by the nucleus and the shielding constant
in this case. Despite certain experimental difficulties, in principle, this allows one to access
directly the nuclear magnetic moment in high-precision Penning-trap measurements.
The nonlinear contributions to the Zeeman splitting can play an important role in high-
precision measurements. In particular, the second- and third-order effects can be detected in
the Penning-trap experiments with B-like ions [23]. Recent measurement of the ground-state
g factor in 40Ar13+ [4] was sensitive to the third-order contribution [24–26]. Subtraction of
the second-order contribution [24, 26–28] was required to obtain the most precise up-to-date
experimental value of the fine-structure transition energy in B-like argon [29]. The nonlinear
Zeeman effects are enhanced by the closely spaced levels of the same parity — 2P1/2 and
2P3/2 in B-like ions — which are mixed by the external magnetic field. Similar situation can
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take place for n = 2 levels in low- and middle-Z He-like ions. So, the quadratic Zeeman
shift can be relevant for future high-precision measurements. Transition energies in He-like
ions serve as a perfect probe of the many-electron QED effects and therefore attract much
experimental and theoretical interest, see, e.g., Refs. [30–35] and references therein. In this
work, we investigate the second-order Zeeman effect for the ground state of low- and middle-
Z He-like ions. Consideration of the excited states of He-like ions will be the subject of our
future work.
Both the nuclear magnetic shielding and the quadratic contribution in magnetic field
represent the terms of the second order of perturbation theory. Here we demonstrate the
application of the nonperturbative method to solve the Dirac equation in the presence of
axially symmetric field [36]. The sought-for contributions are found by taking the derivative
of the energy with respect to the field strength. In addition to the one-electron part, we
consider the first-order interelectronic-interaction correction. The results obtained within
this method are tested against the straightforward perturbation-theory calculations. This
method has significant advantages for evaluation of the higher-order contributions, which
can be too cumbersome within the perturbation theory.
Relativistic units (~ = 1, c = 1, me = 1) and Heaviside charge unit [α = e
2/(4π), e < 0]
are employed throughout the paper, µB = |e|/(2me) denotes the Bohr magneton, mp is the
proton mass, and me is written for clarity in the electron-to-proton mass ratio me/mp.
II. DIRAC EQUATION FOR AXIALLY SYMMETRIC POTENTIAL
Consider the stationary Dirac equation,
Hˆψ(r) = Eψ(r) , (1)
with the Hamiltonian,
Hˆ = α · p+ β + Vˆ , (2)
where α and β are the Dirac matrices, Vˆ (r, θ) is an arbitrary axially symmetric binding
potential. Throughout the paper, we consider the electron bound by the nucleus in the
presence of magnetic field. The symmetry axis of this field determines the z-axis of the
spherical coordinate system (r, θ, φ). So, Vˆ (r, θ) is a multiplication operator with some
matrix structure, it will be given explicitly in Section III.
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To solve this equation numerically, we use the A-DKB method developed in Ref. [36].
It represents a generalization of the dual-kinetic-balance (DKB) method [37] for axially
symmetric systems. These methods are based on the finite-basis-set decomposition of the
wave function, while the DKB conditions prevent emergence of the spurious states. It was
demonstrated in Ref. [36] that this method reproduces the one-electron binding energies for
an atom in the presence of external homogeneous electric or magnetic field in a wide range
of the field strengths. Below we briefly describe the key elements of the A-DKB method.
In contrast to the spherically symmetric case, the Hamiltonian (2) does not commute
with the square of the total angular momentum. Still, commutation with the z-component
is preserved,
[Hˆ, Jˆ2] 6= 0, [Hˆ, Jˆz] = 0 .
This means that only the ϕ-dependence can be separated explicitly. So, the wave functions
obtained from the stationary Dirac equation (1) will be expressed as follows,
ψ(~r) =
1
r


G1(r, θ)e
iϕ(MJ−
1
2
)
G2(r, θ)e
iϕ(MJ+
1
2
)
iF1(r, θ)e
iϕ(MJ−
1
2
)
iF2(r, θ)e
iϕ(MJ+
1
2
)


, (3)
where MJ is the eigenvalue of Jz. Equation (1) is then reduced to HMJΦ = EΦ with
HMJ =

 1 DMJ
−DMJ −1

 + Vˆ (4)
DMJ = (σz cos θ + σx sin θ)
(
∂
∂r
−
1
r
)
+
1
r
(σx cos θ − σz sin θ)
∂
∂θ
+
1
r sin θ
(
iMJσy +
1
2
σx
)
. (5)
The 4-component wave functions
Φ(r, θ) =


G1(r, θ)
G2(r, θ)
F1(r, θ)
F2(r, θ)


(6)
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are decomposed into a finite basis set:
Φ(r, θ) ∼=
4∑
u=1
Nr∑
ir=1
Nθ∑
iθ=1
CuiriθW
u
iriθ
(r, θ) (7)
W uiriθ(r, θ) = ΛBir(r)Qiθ(θ)eu , (8)
where
e1 =


1
0
0
0


, e2 =


0
1
0
0


, e3 =


0
0
1
0


, e4 =


0
0
0
1


.
{Bir(r)}
Nr
ir=1 are the B-splines of some order k and Qiθ(θ) are the Legendre polynomials:
Qiθ(θ) = Piθ−1
(
2
π
θ − 1
)
.
The matrix Λ enforces the DKB conditions [36, 37],
Λ =

 1 −12DMJ
−1
2
DMJ 1

 .
To find the coefficients Cuiriθ and the corresponding energies, the expansion (7) is substituted
into the Dirac equation and the generalized eigenvalue problem is solved numerically. The
few lowest positive-energy states reproduce the bound states of Eq. (1). The total set of
the solutions forms the quasi-complete finite basis set, which can be used, in particular, to
construct the Green function of Eq. (1).
A. Matrix elements of the magnetic and hyperfine interactions
Given the solutions of the Dirac equation, one can evaluate the matrix elements of various
operators,
〈a|Fˆ |b〉 =
∞∫
0
dr r2
pi∫
0
dθ sin θ
2pi∫
0
dϕψa
†(r, θ, ϕ) Fˆ ψb(r, θ, ϕ) . (9)
The form of the wave functions (3) suggests that the integral over ϕ is found analytically,
and the integrals over r and θ are calculated only numerically. Below we present the corre-
sponding formulae.
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The simplest case is the multiplication operator with the trivial matrix structure,
〈a|f(r, θ)|b〉 = δMa,Mb
∞∫
0
dr
pi∫
0
dθ sin θ f (r, θ)
(
Ga1G
b
1 +G
a
2G
b
2 + F
a
1 F
b
1 + F
a
2 F
b
2
)
. (10)
Here and in the following, the upper index of the wave-function components indicate the
state, a or b, the wave-function arguments, r and θ, are implied. The δ-symbol reflects the
conservation of the angular momentum projection in this case.
In this work, we consider the interactions with the homogeneous external magnetic field
and with the nuclear magnetic moment. The corresponding operators can be represented as
rk [n×α]z, where n = r/r. The matrix elements are expressed as follows,
〈a|f(r, θ) [n×α]z|b〉 =
= δMa,Mb
∞∫
0
dr
pi∫
0
dθ sin θ f(r, θ) sin θ
(
Ga1F
b
2 −G
a
2F
b
1 − F
a
1G
b
2 + F
a
2G
b
1
)
. (11)
The two remaining components (in spherical notations: a+ = ax + iay, a− = ax − iay) are
〈a|f(r, θ) [n×α]+|b〉 =
= δMa,Mb+1
∞∫
0
dr
pi∫
0
dθ sin θ f(r, θ)
[
sin θ
(
Ga1F
b
1 −G
a
2F
b
2 − F
a
1G
b
1 + F
a
2G
b
2
)
+ 2 cos θ
(
−Ga1F
b
2 + F
a
1G
b
2
)]
, (12)
〈a|f(r, θ) [n×α]−|b〉 =
= δMa,Mb−1
∞∫
0
dr
pi∫
0
dθ sin θ f(r, θ)
[
sin θ
(
−Ga1F
b
1 +G
a
2F
b
2 + F
a
1G
b
1 − F
a
2G
b
2
)
+ 2 cos θ
(
Ga2F
b
1 − F
a
2G
b
1
)]
. (13)
We also present for completeness the following formula for the scalar product (n ·α),
〈a|f(r, θ) (n ·α)|b〉 =
= δMa,Mb
∞∫
0
dr
pi∫
0
dθ sin θ i f(r, θ)
[
cos θ
(
Ga1F
b
1 −G
a
2F
b
2 − F
a
1G
b
1 + F
a
2G
b
2
)
+ sin θ
(
Ga1F
b
2 +G
a
2F
b
1 − F
a
1G
b
2 − F
a
2G
b
1
)]
. (14)
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The formulae for the matrix elements containing the matrix β can be obtained from the
ones without β (Eqs. (10)–(14)) by changing the sign of the F1,2-components of one of the
wave functions, depending on the position of β.
Finally, we consider one particular nonlocal operator which is quite important for appli-
cations. In the homogeneous external magnetic field, the parity of the state is a conserved
quantum number, in addition to MJ ,
[Hˆ, Pˆ ] = 0 , Pˆ ψ = ±ψ . (15)
The spherical coordinates are transformed by the operator Pˆ in the following way,
r → r , ϕ→ π + ϕ , θ → π − θ . (16)
Additionally, Pˆ acts on the Dirac wave function with the matrix β [38]. So, the average
value of Pˆ is given by,
〈a|Pˆ |a〉 =
∞∫
0
dr r2
pi∫
0
dθ sin θ
2pi∫
0
dϕψa
†(r, θ, ϕ)βψa(r, π − θ, π + ϕ)
=
∞∫
0
dr
pi∫
0
dθ sin θ
2pi∫
0
dϕ
(
G1(r, θ)G1(r, π − θ)e
i(MJ−
1
2
)pi +G2(r, θ)G2(r, π − θ)e
i(MJ+
1
2
)pi
−F1(r, θ)F1(r, π − θ)e
i(MJ−
1
2
)pi − F2(r, θ)F2(r, π − θ)e
i(MJ+
1
2
)pi
)
= ei(MJ−
1
2
)pi
∞∫
0
dr
pi∫
0
dθ sin θ
(
G1(r, θ)G1(r, π − θ) +G2(r, θ)G2(r, π − θ)e
ipi
−F1(r, θ)F1(r, π − θ)− F2(r, θ)F2(r, π − θ)e
ipi
)
= ei(MJ−
1
2
)pi
∞∫
0
dr
pi∫
0
dθ sin θ
(
G1G˜1 −G2G˜2 − F1F˜1 + F2F˜2
)
, (17)
where G˜1,2 = G1,2(r, π− θ), F˜1,2 = F1,2(r, π− θ). Evaluation of 〈a|Pˆ |a〉, which may be equal
±1 only, allows us to identify the “odd” and “even” states in the spectrum.
B. Matrix elements of the interelectronic interaction
The interaction between electrons can be considered within the perturbation theory (PT)
or within any all-order method. In this work, we consider the ground state of helium-like
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ion and restrict ourselves to the first order of PT,
E(1s)2 = 2E1s +∆E1ph + . . . . (18)
The one-photon-exchange correction is written as
∆E1ph = 〈ab|I(0)|ab〉 − 〈ba|I(∆ab)|ab〉 . (19)
Here, a and b are the electron states, ∆ab = Ea − Eb is zero in the present case, I is the
interaction operator, in the Feynman gauge it is given by
I(ω, r12) = α(1−α1 ·α2)
exp(i|ω|r12)
r12
. (20)
This function of r12 = |r1 − r2| is represented by the following expansion in the spherical
harmonics of n1 = r1/r1 and n2 = r2/r2,
exp(iωr12)
r12
= 4π
∞∑
lm
1
2l + 1
gl(ω, r1, r2)Y
∗
lm(n2)Ylm(n1) , (21)
where
gl(ω 6= 0, r1, r2) = iω(2l + 1)jl(ωr<)h
(1)
l (ωr>) ,
gl(0, r1, r2) =
rl<
rl+1>
, r< = min(r1, r2) , r> = max(r1, r2) .
jl(x) and h
(1)
l (x) are the spherical Bessel and Hankel functions, respectively. In Eq. (21)
and in the following, the summation runs in the ranges l = 0, ...∞ and m = −l, ..., l. Use
of the expansion (21) allows for analytical integration over θ1,2 and φ1,2 in the spherically
symmetric case. In the axially symmetric case only the φ-integration can be performed
analytically. The resulting expressions for the matrix elements are:
〈
ab
∣∣∣exp(iωr12)
r12
∣∣∣cd〉 =
=
∞∑
lm
δm,ma−mcδm,md−mb
∞∫
0
dr1
pi∫
0
dθ1 sin θ1Θlm(θ1)
∞∫
0
dr2
pi∫
0
dθ2 sin θ2Θlm(θ2) gl(ω, r1, r2)
×
(
Ga1G
c
1 +G
a
2G
c
2 + F
a
1 F
c
1 + F
a
2 F
c
2
)(
Gb1G
d
1 +G
b
2G
d
2 + F
b
1F
d
1 + F
b
2F
d
2
)
, (22)
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〈
ab
∣∣∣α1 ·α2 exp(iωr12)
r12
∣∣∣cd〉 =
=
∞∑
lm
∞∫
0
dr1
pi∫
0
dθ1 sin θ1Θlm(θ1)
∞∫
0
dr2
pi∫
0
dθ2 sin θ2Θlm(θ2) gl(ω, r1, r2)
×
[
2δm,ma−mc−1δm,md−mb−1
(
Ga1F
c
2 − F
a
1G
c
2
)(
Gb1F
d
2 − F
b
1G
d
2
)
+ 2δm,ma−mc+1δm,md−mb+1
(
Ga2F
c
1 − F
a
2G
c
1
)(
Gb2F
d
1 − F
b
2G
d
1
)
+δm,ma−mcδm,md−mb
(
Ga1F
c
1 + F
a
2G
c
2 −G
a
2F
c
2 − F
a
1G
c
1
)(
Gb1F
d
1 + F
b
2G
d
2 −G
b
2F
d
2 − F
b
1G
d
1
)]
,
(23)
where
Θlm(θ) =
√
(l −m)!
(l +m)!
Pml (cos θ) .
The wave-function arguments omitted in Eqs. (22) and (23) for brevity reasons are (r1, θ1)
for a and c states and (r2, θ2) for b and d states.
In the spherically symmetric field the summation over l is truncated due to the angular
algebra. In the present case, the summation remains infinite, although it is rapidly conver-
gent for the systems and effects under consideration. This fact, combined with the numerical
integration over θ, makes the matrix elements calculation much more time-consuming.
III. HIGHER-ORDER CONTRIBUTIONS TO THE ZEEMAN SPLITTING
In this section, we consider various aspects of the Zeeman effect in helium-like ions, such
as the second-order shift in magnetic field and the nuclear magnetic shielding. Typically,
such problems are solved using perturbation theory. See, e.g., the PT calculations of the
second-order Zeeman effect in hydrogen-like ions [42–47], the second- and third-order Zee-
man effects in boron-like ions [23–27], and the Zeeman splitting in hydrogen-, lithium-,
and boron-like ions with nonzero nuclear spin [16–22]. Here we demonstrate application of
the non-perturbative A-DKB method and compare the results with the PT calculations.
This approach has been already applied by our group for the leading one-electron contri-
butions [22, 25]. We extend the calculations to the two-electron systems and compute the
first-order electron-electron interaction, i.e., the one-photon-exchange contribution. The
corresponding formulae for the matrix elements are given in the previous section. Below we
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concretize the potential Vˆ in Eq. (2) and give the formulae and numerical results for the
contribution under consideration.
A. Quadratic contribution to the Zeeman effect
Consider the bound electron in the presence of external magnetic field described by the
stationary Dirac equation (1) with Vˆ = Vnuc(r) + Vm, where the spherically symmetric elec-
trostatic nuclear potential Vnuc(r) is conveniently relegated to the zeroth-order Hamiltonian,
Hˆ0 = α · p+ β + Vnuc(r) , (24)
while the magnetic-field interaction
Vm = λU , λ = µBB , U = [r×α]z , (25)
is considered as a perturbation. Zeroth-order problem is spherically symmetric, the energies
and the radial wave functions can be found numerically, e.g., within the DKB method [37].
Within the perturbation theory, the energy E(λ) can be expanded in a power series in λ,
E(λ) = E(0) +∆E(1) +∆E(2) + ...
= E(0) + λg(1) + λ2g(2) + ... . (26)
The first-order term, conveniently expressed via the g factor,
E(1) = λg(1)(MJ) = µBBgMJ , (27)
and the second-order term, related to the magnetic susceptibility,
E(2) = λ2g(2)(MJ) = (µBB)
2g(2)(MJ) , (28)
can be evaluated by the well-known perturbation theory formulae. We perform these calcu-
lations here for the 1s state using the previously developed numerical approach [26, 27].
At the same time, the solutions of the Dirac equation can be found at a particular value
of λ within the A-DKB method described in Sec. II. Assuming that E(λ) is known, the
coefficients g(1) and g(2) can be found by differentiation with respect to λ at the point λ = 0:
g(1) = gMJ =
∂E(λ)
∂λ
∣∣∣∣
λ=0
, (29)
g(2) =
1
2
∂2E(λ)
∂λ2
∣∣∣∣∣
λ=0
. (30)
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Next, we consider the ground state of He-like ions and evaluate the electron-electron
interaction contribution. The linear Zeeman effect is obviously zero in this case. The
second-order coefficient is given by the second derivative of Eq. (18),
g(2)[(1s)2] = g
(2)
0 [(1s)
2] + ∆g
(2)
1ph[(1s)
2] , (31)
where g
(2)
0 [(1s)
2] = 2 g(2)[1s] is the value for non-interacting electrons, since g(2)(MJ) =
g(2)(−MJ). To find the one-photon-exchange corrections to g
(2), we can calculate the one-
photon-exchange correction to the energy (19), and take the corresponding derivative,
∆g
(2)
1ph =
1
2
d2
dλ2
∣∣∣∣∣
λ=0
∆E1ph(λ) . (32)
We evaluate the g(1) and g(2) for the 1s state and ∆g
(2)
1ph for the (1s)
2 state according
to the equations (29), (30), and (32). In order to find the derivatives, we solve the Dirac
equation at the sets of λ = −nλ0, . . . , 0, . . . , nλ0 with n = 1, 2, 3 and use the standard
formulae for the derivatives. The key aspect of numerical differentiation is the choice of the
optimal λ0, which provides best accuracy. The error increases both for larger λ0 (due to
the approximate nature of the finite difference formulae) and for smaller λ0 (due to machine
accuracy limitations). Therefore, one has to make a series of calculations for a set of λ0
and choose the optimal value in each case. For the calculations presented in this paper,
we use λ0 in the range 10
−4 . . . 10−7. As an independent test, we calculate g(1)[1s], g(2)[1s],
and ∆g
(2)
1ph[(1s)
2] within the standard perturbation theory [26, 27]. The results of these
calculations are presented in Table I, very good agreement is observed in general.
B. Zeeman splitting of the hyperfine structure levels
Rigorous consideration of the hyperfine interaction requires inclusion of the nuclear vari-
ables in the Hamiltonian. However, once the proper states of the system with a definite value
of the total angular momentum F = J + I are constructed, one can describe the hyperfine
interaction by an effective term in the Dirac Hamiltonian for the bound electron,
Vhfs = µW , µ =
α
2
me
mp
gII , W =
[r×α]z
r3
, (33)
where I and gI are the nuclear spin and g factor, respectively. We note that µ is the dimen-
sionless parameter, proportional but not equal to the nuclear magnetic moment. Zeeman
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splitting of the hyperfine levels is then described by Vm (25). The total potential Vˆ in the
Dirac equation is Vˆ = Vnuc(r) + Vm + Vhfs. From the perturbation-theory point of view, the
zeroth-order Hamiltonian is given again by Eq. (24) and there are two perturbations, Vm
and Vhfs, characterized by two independent parameters, λ and µ, which “tune” the magnetic
and hyperfine interactions, respectively.
In this work, we consider the weak-magnetic-field limit, when the Zeeman splitting is
much smaller than the hyperfine splitting. In this case, the linear Zeeman shift is described
by the g factor of the electron-nucleus system, which can be written as [16, 19],
gF = gJ
F (F + 1)− I(I + 1) + J(J + 1)
2F (F + 1)
− (1− σ)
me
mp
gI
F (F + 1) + I(I + 1)− J(J + 1)
2F (F + 1)
, (34)
where gJ is the electronic g factor, me and mp are the masses of electron and proton, re-
spectively. The so-called nuclear magnetic shielding constant σ corresponds to the mixed
second-order contribution in Vm and Vhfs. We calculate σ for the 1s state within the per-
turbation theory following our previous work [22]. Alternatively, this term can be found
from the solutions of the Dirac equation (1) with Vm and Vhfs included, by taking the mixed
derivative,
σ =
α
2
d2
dλdµ
∣∣∣∣∣
λ=0,µ=0
E(λ, µ) . (35)
For the sake of thorough and comprehensive check of the nonperturbative method, we also
consider the hyperfine splitting itself within both A-DKB and PT methods. In the one-
electron approximation it is conveniently characterized by the relativistic factor A(αZ) (see,
e.g., Refs. [48, 49]) which can be found either as,
A =
3
8(αZ)3MJ
∂E(λ, µ)
∂µ
∣∣∣∣
λ=0,µ=0
, (36)
or within the first-order PT by replacing the derivative in Eq. (36) with the average value
of W .
For the ground state of He-like ions we write σ[(1s)2] as,
σ[(1s)2] = σ0[(1s)
2] + ∆σ1ph[(1s)
2] , (37)
where σ0[(1s)
2] = 2 σ[1s]. Note that the first term in Eq. (34) vanishes since J = 0 in this
case. The one-photon-exchange correction ∆σ1ph[(1s)
2] can be found from the corresponding
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energy correction (19) by taking the derivatives,
∆σ1ph =
α
2
d2
dλdµ
∣∣∣∣∣
λ=0,µ=0
∆E1ph(λ, µ) . (38)
We present the numerical results for the hyperfine splitting and the nuclear magnetic
shielding constant in Table II. The results obtained by differentiation of the energy with
respect to λ and µ (Eqs. (35), (36), and (38)) are labeled as A-DKB. For the calculations
presented in this paper, we use λ0 in the range 10
−4 . . . 10−6 and µ0 in the range 10
−3 . . . 10−6.
For the hyperfine-splitting factor A, the PT value obtained in this work and the one from
Ref. [49] are presented for comparison. We note that the finite nuclear size is taken into
account in our calculations, while the finite nuclear magnetic moment distribution (the Bohr-
Weisskopf effect) is not. So, we actually give the value of A(αZ)(1 − δ) here, where δ is
the nuclear size correction [48, 49]. Both σ[1s] and ∆σ1ph[(1s)
2] are also evaluated within
the standard perturbation theory following the same procedure as for g(2). These values are
labeled as PT in Table II. The values of σ[1s] from Ref. [16] are presented for comparison
as well. The agreement between these independent results serves as a robust test of the
proposed approach based on the A-DKB solutions of the Dirac equation in the presence of
external magnetic field and hyperfine interaction.
C. Discussion
The results presented in Tables I and II demonstrate the agreement between the non-
perturbative approach and the standard PT. The small deviations observed are due to the
limited basis set of the A-DKB method, which can be increased when needed. We note
that within the PT framework the one-photon-exchange contributions, ∆g
(2)
1ph[(1s)
2] and
∆σ1ph[(1s)
2], comprise several types of diagrams and rather bulky set of formulae, see, e.g.,
the detailed derivation for the nuclear magnetic shielding in Refs. [20, 21]. Within the A-
DKB approach we only need to calculate ∆E1ph (19) at the appropriate set of λ and µ values.
At this level, the A-DKB and PT methods are comparable in efficiency. However, for any
higher-order contributions (e.g., third order in magnetic field, second order in the interelec-
tronic interaction, or especially QED corrections) the use of PT will be almost prohibitively
expensive in terms of complexity and computational burden. In Ref. [26] we have tackled
the one-photon-exchange corrections to the second- and third-order Zeeman effect, ∆g
(2)
1ph
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and ∆g
(3)
1ph. The method that we used there is based on the recursive perturbation theory
(RPT) with respect to Vm. RPT was used initially to reach higher-order terms of Zeeman
and Stark shifts in Ref. [36] and generalized to the electron-electron interaction operator
within the Breit approximation in Ref. [50]. Still, the method of Ref. [26] requires “accu-
mulation” of the PT contributions at finite λ and numerical differentiation with respect to
λ. The results obtained there for ∆g
(3)
1ph were not reproduced within the standard PT due
to the combinatorial and computational complexity mentioned above. To summarize, we
consider the proposed approach as the most suitable one for the higher-order calculations
needed to achieve accurate theoretical predictions.
IV. CONCLUSION
The nonperturbative A-DKB method to solve the Dirac equation in the axially sym-
metric field has been applied to evaluation of the Zeeman effect in helium-like ions. The
second-order contribution in magnetic field and the nuclear magnetic shielding constant are
calculated for the ground (1s)2 state by differentiation of the energy with respect to the
magnetic-field and hyperfine interaction parameters. The first-order contribution of the
electron-electron interaction is taken into account as well. All of these values are calculated
within the standard perturbation theory, starting from the Dirac equation in the Coulomb
field of the nucleus. The results of these two independent methods are found to be in
good agreement. The presented method provides an efficient alternative to the perturbation
theory, it is foreseen to be advantageous for higher-order calculations. The results for the
nuclear magnetic shielding constant can be used for determination of the nuclear magnetic
moments. The quadratic Zeeman effect can be relevant for the high-precision Penning-trap
measurements of the transition energies in He-like ions. To provide the complete theoretical
background, the corresponding calculations for excited states are in demand which is the
subject of our future investigations.
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TABLE I. The 1s-state g-factor and the second-order Zeeman effect for the ground (1s)2 state
of helium-like ions in terms of the g(2) coefficient — the leading-order term g
(2)
0 , the one-photon-
exchange correction ∆g
(2)
1ph, and their sum g
(2). A-DKB and PT denote the method of calculation,
see text for details. The g(2) values are given in units of 10−3.
Z method g[1s] g
(2)
0 [(1s)
2]× 103 ∆g
(2)
1ph[(1s)
2]× 103 g(2)[(1s)2]× 103
6 A-DKB 1.998721 1.040617 0.277574 1.318190
PT 1.998721 1.040605 0.277487 1.318092
10 A-DKB 1.996445 0.372907 0.060094 0.433001
PT 1.996445 0.372913 0.060075 0.432988
12 A-DKB 1.994878 0.258153 0.034863 0.293015
PT 1.994878 0.258154 0.034821 0.292975
14 A-DKB 1.993024 0.188958 0.021974 0.210932
PT 1.993024 0.188959 0.021968 0.210927
16 A-DKB 1.990881 0.144048 0.014752 0.158800
PT 1.990881 0.144049 0.014748 0.158797
18 A-DKB 1.988448 0.113259 0.010384 0.123643
PT 1.988448 0.113259 0.010383 0.123642
20 A-DKB 1.985723 0.091236 0.007589 0.098825
PT 1.985723 0.091236 0.007589 0.098825
32 A-DKB 1.963138 0.034033 0.001889 0.035921
PT 1.963138 0.034032 0.001891 0.035923
18
TABLE II. The factor A(αZ) for state 1s and the nuclear magnetic shielding constant σ for
the ground (1s)2 state of helium-like ions. The leading-order term σ0[(1s)
2], the one-photon-
exchange correction ∆σ1ph[(1s)
2], and their sum σ[(1s)2]. The 1s results from Ref. [16] are given
for comparison (σ0[(1s)
2] = 2σ[1s]). A-DKB and PT denote the method of calculation, see text
for details. The values of σ are given in units of 10−3.
Z method A(αZ) σ0[(1s)
2]× 103 ∆σ1ph[(1s)
2]× 103 σ[(1s)2]× 103
6 A-DKB 1.002332 0.214116 −0.022093 0.192022
PT 1.002332 0.214108 −0.022082 0.192025
0.214109b
10 A-DKB 1.006906 0.360126 −0.021893 0.338233
PT 1.006906 0.360134 −0.021888 0.338245
1.006911a 0.360135b
12 A-DKB 1.010201 0.434905 −0.021767 0.413138
PT 1.010201 0.434893 −0.021751 0.413142
1.010204a
14 A-DKB 1.014136 0.511180 −0.021601 0.489578
PT 1.014136 0.511171 −0.021584 0.489586
1.014133a
16 A-DKB 1.018689 0.589227 −0.021414 0.567813
PT 1.018689 0.589235 −0.021386 0.567849
1.018686a 0.589241b
18 A-DKB 1.023920 0.669409 −0.021310 0.648098
PT 1.023920 0.669384 −0.021154 0.648231
20 A-DKB 1.029879 0.751866 −0.020821 0.731045
PT 1.029879 0.751898 −0.020884 0.731014
1.029872a 0.751916b
32 A-DKB 1.081318 1.315684 −0.018614 1.297070
PT 1.081318 1.315699 −0.018264 1.297435
1.315862b
aFrom Ref. [49], bFrom Ref. [16]
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